Abstract. In this paper, we show that the Chen-Nester-Tung (CNT) quasi-local energy with 4D isometric matching references is closely related to the Wang-Yau (WY) quasi-local energy. As a particular example, we compute the second variation of the CNT quasi-local energy for axially symmetric Kerr-like spacetimes with axially symmetric embeddings at the obvious critical point (0, 0) and find that it is a saddle critical point in most of the cases. Also, as a byproduct, we generalize a previous result about the coincidence of the CNT quasi-local energy and Brown-York mass for axially symmetric Kerr-like spacetimes by Tam and the first author [15] to general spacetimes.
Introduction
The problem of defining the energy of gravitating systems is its localization. There is no proper local description of gravitational energy. This was shown by Noether a hundred years ago [14] . This phenomenon is physically understood in terms of the equivalence principle, and it is simply a basic fact about the local flatness of Riemannian geometry which implies that one can always find a coordinate system such that at any selected point the connection coefficients vanish. The connection coefficients are analogous to the gravitational force.
In the early days, many efforts were made to construct some gravitational energy density, they led to various pseudotensors. Because of the fundamental property of gravity, two ambiguities arise: (i) there are many possible expressions and (ii) they are non-covariant (i.e. coordinate dependent) [5] . Later, the idea of quasi-local was used, and there are several proposals on defining quasi-local quantities [22] . Chang et.al found that different pseudotensor expressions are related to different boundary conditions associated with the Hamiltonian boundary expression [4] . One may treat gravitational energy from the Hamiltonian point of view as well as from pseudotensor. The advantage of using the Hamiltonian formalism is that the Noether conserved current is the Hamiltonian density, which is the canonical generator of a local spacetime translation [5] , and it implies that different conserved quantities correspond to different displacement vector fields [8] .
Although the Hamiltonian point of view gives a clear understanding of the conservation and symmetry, the fundamental ambiguities are still there: (i) many possible boundary conditions of the Hamiltonian boundary term (i.e. Hamiltonian boundary expressions) and (ii) the choice of the reference (which is related to the coordinate choice of the pseudotensor expression).
In this article, we analyze the expression favored by CNT ( [8] , eq.(57) which is related to the fixed coframe ϑ α on the boundary as the boundary condition):
where Ω is a spacelike region with a closed 2-boundary S,
η a b will be defined below. Here κ = 8πG/c 4 , G is the Newtonian gravitational constant and usually we take c = G = 1; ∆α := α −ᾱ is the difference of the variables in the physical spactime and the reference spacetime.
The CNT proposal developed a manifestly 4D covariant Hamiltonian formalism which can be applied on a wide class of geometric gravity theories, including GR, and it does not necessary depend on 3+1 decomposition. It covers not only energy but also other quasi-local quantities. Here we focus only on the quasi-local energy which corresponds to the timelike vector field N on S. The vector field N is called a displacement vector field in [8] . It is required to be identified to a timelike Killing vector field in the reference space-time.
Let (M 4 , g) be a spacetime (oriented and time-oriented) which is considered as the physical spacetime and (M 4 , g) be another spacetime (oriented and time-oriented) which is considered as the reference spacetime. Let S 2 be a closed spacelike surface in M and N be a future-directed timelike vector field on S. We call a smooth embedding ϕ : U → M of an open neighborhood U of S into M that preserves the orientation and the time orientation a reference. Then, the CNT quasi-local energy of S with respect to N and the reference ϕ is defined as
Here, ω a b and ω a b are the connection forms of the Levi-Civita connections for g and ϕ * g respectively, ι : S → M is the natural inclusion map, and
the covariant derivative D a and the 2-form η b a correspond to ϕ * g. Usually, the reference spacetime is chosen to be the Minkowski spacetime, dS spacetime or AdS spacetime. The main difficulty for the CNT quasi-local energy comes from the choice of canonical references so that desired properties are satisfied. In this paper, we follow the strategy of choosing reference by 4D isometric matching 1 mentioned in [18, 20, 21] , and analyze the critical value of quasi-local energy. This method of finding reference is to determine a coordinate transformation such that the whole 10 metric components of the physical spacetime and the reference spacetime are identical right on the quasi-local 2-surface. It can be realized based on the 2-surface isometric embedding into the reference spacetime. Epp defined the "invariant quasilocal energy" by considering the 2-surface isometric embedding into the Minkowski spacetime [12] . Wang and Yau consider 2-surface isometric embedding into Minkowski spacetime and proved the positivity of quasi-local mass by fixing the canonical gauge [24, 26] . For a more complete survey of the topic, see [22] .
A 4D isometric matching reference ϕ is a reference satisfying
A basic problem about the existence of 4D isometric matching references arises here. By a rather standard argument using the exponential map, we can show that any isometric embedding of S into M can be extended to a 4D isometric matching reference (see Lemma 2.1). When M is the Minkowski spactime, isometric embedding of S into M was discussed in [24] , [12] (with a further restriction) and [1, 3, 22] (into the light cone).
Let ϕ be a 4D isometric matching reference, since η a b depnds only on the metric, so the second term in (1.3) vanishes and the CNT quasilocal energy (1.3) with respect to ϕ becomes
Although a 4D isometric matching reference must be defined in a neighborhood of S by definition, it is not hard to see that the CNT quasilocal energy depends only on the 1-jet of a 4D isometric matching reference ϕ on S (see Lemma 2.2). That is to say, if ϕ 1 and ϕ 2 are two 4D isometric matching references such that ϕ 1 = ϕ 2 and dϕ 1 = dϕ 2 on S, then
By the fact that CNT quasi-local energy depends only on the 1-jet of the 4D isometric matching reference and the extension of an isometric embedding to a 4D isometric matching reference (see Lemma 2.1), we can simply consider a 4D isometric matching reference as a pair (ϕ, ψ) where ϕ : S → M is an isometric embedding and ψ : T M mean the normal bundle of S and S respectively. ϕ can be considered as the embedding freedom and ψ as the boost freedom of the observer in [15] .
In this paper, we find that the CNT quasi-local energy with respect to a 4D isometric matching reference is closely related to the WY mass. Indeed, a saddle critical value of the CNT quasi-local energy turns out to agree with the WY energy. As a byproduct, we generalize a previous result of Tam and the first author [15] to a much more general setting. Our result is as follows:
) and (M 4 , g) be two oriented and timeoriented spacetimes, S 2 be an oriented closed spacelike surface in M   4 and N be a future-directed timelike vector field on S. Let ϕ be a 4D
2 In the coordinate system such that the reference connection vanishes, it is reduced to the Freud superpotential [13] .
isometric matching reference. Then,
where H and H are the mean curvature vectors of S and S = ϕ(S) in M and M respectively. Here N ⊥ is the orthogonal projection of
and X is the unit vector field on S such that X ∈ T ⊥ S M and X ⊥ N. We also assume that the composition of N ⊥ , X and the orientation of S is the same as the orientation of M.
Remark 1.1. The right hand side of (1.8) is similar to equation (6) in Wang and Yau [23] .
For S enclosing a spacelike domain Ω with S embedded into R 3 , the Brown-York mass [2] was defined as
where k and k 0 are the mean curvature (with respect to unit outward normal) of S and the embedding of S respectively. Comparing this to the result above, we have the following corollary:
Corollary 1.1. Let M, S, N be the same as above and (M , g) be the Minkowski spacetime. Moreover, suppose that S encloses a space-like domain Ω and N is also orthogonal to Ω. Then, for any 4D isometric matching reference ϕ such that
we have E(S, N, ϕ) = m BY (Ω). Here, the natural coordinate of M is written as (T, X, Y, Z).
Remark 1.2. The orientation of S is chosen so that N, the outward normal of S and the orientation of S form the orientation of M.
Recall that the dS spacetime and AdS spacetime are R ×M witĥ M be the sphere and hyperbolic space respectively, equipped with the Lorentz metric:
whereĝ is the standard metric onM and V is the static potential on M (see [11] ). Note that ∂ ∂T is a future directed time-like Killing vector field on the dS spacetime and AdS spacetime with length |V |. So, we have the following corollary when the reference is chosen to be the dS spacetime or AdS spacetime corresponding to Corollary 1.1 where the reference is chosen to be the Minkowski spacetime. Corollary 1.2. Let M, S, N be the same as above and (M , g) be the dS or AdS spacetime. Moreover, suppose that S encloses a space-like domain Ω and N is also orthogonal to Ω. Then, for any 4D isometric matching reference ϕ such that
Note that the expression (1.12) was first studied in [19, 25] which gives a substitution for Brown-York mass with dS or AdS references. Quasi-local energy with dS and AdS references was also studied in [10] .
Let ϕ 0 : S → R 1,3 be an isometric embedding and τ be the time component of the embedding and suppose the mean curvature vector H of S in M is spacelike. Recall that the Wang-Yau [24] quasi-local energy E WY (S, τ ) is defined as
Here e 0 is a future-directed time-like vector such that (1.14)
H, e 0 = − ∆τ 1 + ∇τ 2 , e 1 is orthogonal to e 0 and S, and pointed outside if S encloses a domain Ω. e 1 is pointing outside and orthogonal to S and
. e 0 is a futuredirected time-like vector that is orthogonal to S and e 1 . Then, the WY mass of S is defined as
Here ∇τ and ∆τ mean the gradient and Laplacian of τ with respect to the induced metric on S. For the definition of admissible, see [24] . Let (1.16) N 0 = 1 + ∇τ 2 e 0 − ∇τ and ϕ be a 4D isometric matching extension of ϕ 0 (see Lemma 2.1) such that
By comparing (1.8) with (1.13), one can see that
Moreover, by the computation in [24, p.925],
This means that the WY quasi-local mass value can be obtained from a min-max procedure from the CNT quasi-local energy. Therefore, if the WY quasi-local mass is achieved by an isometric embedding ϕ 0 , then the corresponding pair (N 0 , ϕ) is actually a saddle critical point of the CNT quasi-local energy in the space of references:
Consider the physical spacetime (M, g) being axially symmetric and Kerr-like:
where the components F, G, H, R, Σ are functions of r, θ only. Let
Suppose that the 4D isometric matching reference ϕ is axially symmetric:
Then, the 4D isometric matching equation is indeed explicitly solvable (See [20] ). Set
Then,
where (1.26)
Here we call x the boost freedom and y the embedding freedom. Note that 
(1.27) has an obvious solution x ≡ y ≡ 0. In [15] , Tam and the first author considered the solutions of (1.27) in the case of the Minkowski, Schwarschild and Kerr spacetimes. They also compared the CNT quasilocal energy with the Brown-York mass when x = y = 0. Indeed, they showed that
It is not difficult to see that this is a special case of Corollary 1.1. Motivated by the relation of WY mass and CNT quasi-local energy, we compute the second variation of E(x, y) at the obvious critical point x = y = 0 and find that, for most of the cases, (x, y) = (0, 0) is a saddle point (see Theorem 3.1 ). In particular, this is true for the Minkowski, Schwarschild and Kerr spacetimes.
By direct computation (see the Appendix), the first equation of (1.27) corresponds to
Let (1.30) E(y) := E(x, y)
with x decided by y from the first equation of (1.27). Then, by the uniqueness of isometric embedding into R 3 and the relation (1.18), we know that
where τ depends only on θ and y = dτ dθ . In [9, 16, 17] , the authors considered minimizing of properties of the critical points of the WY quasi-local energy. By their results, it is clear that y = 0 is a local minimum of E(y) for the Schwarschild spacetime when r > 2m and for the Kerr spacetime when r is large enough. This implies that (0, 0) is a saddle critical point of E(x, y) for the Schwarschild spacetime when r > 2m and for the Kerr spacetime when r is large enough.
Furthermore, in [9] , under some curvature assumptions, when the induced metric on S is axially symmetric, Chen, Wang and Yau showed that if τ = 0 is a critical point of the WY quasi-local energy, then τ = 0 is a global minimum among all axially symmetric τ . This implies that
for the Schwarzschild spacetime when r > 2m and for the Kerr spacetime when r is large enough. It is very likely that
for the Kerr spacetime. This paper is organized as follows. In Section 2, we prove Theorem 1.1. In Section 3, we compute the second variation of E(x, y) at the obvious critical point (x, y) = (0, 0) and show that it is a saddle point for most of the cases including the Minkowski, Schwarschild and Kerr spacetimes.
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CNT quasi-local energy and Wang-Yau mass
We first prove that any isometric embedding can be extended to a 4D isometric reference. The argument is rather standard and it may be trivial for experts. However, for completeness of the paper, we also include the proof. Lemma 2.1. Let (M 4 , g) and (M 4 , g) be two oriented and time-oriented spacetimes, S 2 be an oriented closed spacelike surface in M, and ϕ 0 : S → M be an isometric embedding. Moreover, let N and N be unit future-directed timelike normal vector fields on S and S := ϕ 0 (S) respectively, and X and X be unit normal vector fields on S and S that are also orthogonal to N and N respectively. We also assume that the compositions of N, X, orientation of S and N, X, orientation of S (induced from S by ϕ 0 ) are the same as the orientations of M and M respectively. Then, there is a 4D isometric matching reference ϕ such that
Proof. Define the reference ϕ as
for any p ∈ S and r, s ∈ (−ǫ, ǫ) where ǫ > 0 is small enough and p = ϕ 0 (p). Let Y p , Z p be an orthornormal basis of T p S and
This means that ϕ * g = g on S.
Next, we prove that the CNT quasi-local energy with respect to 4D isometric matching references depends only on the 1-jet of the reference.
Lemma 2.2. Let (M, g), (M, g), S and N be the same as in the Lemma 2.1. Let ϕ 1 and ϕ 2 be two 4D isometric matching references such that
Proof. Let e 0 , e 1 , e 2 , e 3 be a local orthonormal frame of (M, g) such that e 2 , e 3 are tangential to S and let ω 0 , ω 1 , ω 2 , ω 3 be its dual frame. By (1.6), we only need to verify that,
b , where ω andω are the connection forms of ϕ * 1 g and ϕ * 2 g respectively. Indeed,
Finally, we come to prove Theorem 1.1.
Proof of Theorem 1.1. Let e 0 = N ⊥ N ⊥ , and e 1 = X. Let e 2 , e 3 be a local orthonormal frame of S and extend e 0 , e 1 , e 2 , e 3 to a local orthonormal frame of M. Let ω 0 , ω 1 , ω 2 , ω 3 be the dual frame of e 0 , e 1 , e 2 , e 3 . Since N ⊥ e 1 , suppose that
It is clear that N 0 = N ⊥ and N ⊤ = N 2 e 3 + N 3 e 3 . Then
and on S, = ∇ e 2 e 1 , e 2 + ∇ e 3 e 1 , e 3 = − H, X . Moreover, on S,
= ∇ e 2 e 2 , e 1 ϕ * g + ∇ e 3 e 3 , e 1 ϕ * g = ∇ ϕ * e 2 ϕ * e 2 , ϕ * e 1 g + ∇ ϕ * e 3 ϕ * e 3 , ϕ * e 1 g = H, X g = ∇ e 2 e 1 , e 2 ϕ * g + ∇ e 3 e 1 , e 3 ϕ * g = ∇ ϕ * e 2 ϕ * e 1 , ϕ * e 2 g + ∇ ϕ * e 3 ϕ * e 1 , ϕ * e 3 g = − H, X g .
where we have used the fact ω 
Combining (2.12) and (2.16), we obtain (1.8) and hence Theorem 1.1.
3. Second variation of E(x, y) at x = y = 0
In this section, we compute the second variation of the CNT quasilocal energy E(x, y) for axially symmetric Kerr-like metrics at the obvious critical point (x, y) = (0, 0) as introduced in the first section. Throughout this section, we adopt the notations used there.
First, we have the following second variation of B(x, y). E(ǫRu, ǫΣv)
Proof. The conclusion is directly followed by taking the integration of (3.1), applying integration by parts to the term
and then simplify the coefficient of v 2 .
To take care of the term √ Hu θ v in (3.4), setting u = −f (θ) cos θ and v = f (θ) sin θ in (3.4), and integrating by parts, we have the following Lemma 3.3.
E(−ǫRf cos θ, ǫRf sin θ)
where
Proof. Note that
Substituting this into (3.4), we get the conclusion.
By combing Lemma 3.2 and Lemma 3.3, we have the following result.
Theorem 3.1. If the mean curvature of S along the radial outer normal is positive, and there is some point θ 0 ∈ [0, π] such that K(θ 0 ) > 0, then (x, y) = (0, 0) is a saddle critical point of E(x, y).
Proof. By direct computation, the mean curvature of S along the spacelike radial outer normalr = (1/R)∂ r is (3.9)
So k > 0 implies ( √ HΣ) r > 0. Then, by (3.4), we know that This completes the proof.
By applying Theorem 3.1 to the Schwarschild and Kerr spacetimes, we have the following conclusion.
Corollary 3.1. When the physical spacetime is the Schwarschild or Kerr spacetime, the obvious critical point (x, y) = (0, 0) of E(x, y) is a saddle point.
Proof. For the Kerr spacetime, when m > 0. Then, the conclusion follows by Theorem 3.1.
For the Minkowski spacetime, since K ≡ 0, we have to deal with it independently.
Corollary 3.2. When the physical spacetime is the Minkowski spacetime, the obvious critical point (x, y) = (0, 0) of E(x, y) is a saddle point.
Proof. For the Minkowski spacetime, we have H = r 2 sin 2 θ, Σ = r and R = 1. By Lemma 3.2, 
∂ θ for the choice τ depends only on θ as the previous setting y = τ θ . The Laplacian of τ w.r.t. σ is
Recall the displacement vector N = N µ ∂ µ determined by 4D isometric matching with the components [20] (4.3)
read for N ⊤ = N θ ∂ θ . According to the spacelike mean curvature vector of S in Kerr spacetime is h = −(k/R)∂ r , from (1.14) and (3.9) we have (4.4) 1 + ∇τ 2 h, e 0 = h, N = k R x = −∆τ which is the first equation of (1.27). The choice N = N 0 satisfies the critical equation that means the solution x is determined by y(θ) which is the only free choice for N = N 0 .
